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Let g be the free topos with the natural number object (n.n.0.). Let 4 be the full Cartesian 
closed subcategory of @ generated by n.n.o. We show that the morphisms of B are given by the 
Kieene computable functionals that are provably total in intuitionistic type theory. We thus 
establish the existence property for functionals of finite type. 
Introduction 
The main feature of constructive proofs is that they provide explicit information 
of an algorithmic nature. The rigorous correspondence between provability in for- 
mal constructive logic and algorithmic computability (in specialists’ terms, the 
existence property and Church’s ruIe) was established by Kleene during the 1940’s 
and 1950’s in the context of elementary number theory and the first order theory 
of reals. The reader is referred to [I] for a survey. 
The investigations of higher order constructive logic in [4,5] have reinforced this 
correspondence at the level of elementary number theory and analysis, when con- 
sidered in the higher order context. They also established the higher order existence 
property, namely that constructively provable higher order existential assertions 
must be witnessed by higher order terms. 
On the other hand, the notion of computability was itself extended to a higher 
order context, beginning with [S]. A comprehensive survey is in 131. 
However, the correspondence between higher order constructive logic and this 
higher order computability has remained unexplored. In this paper we begin the 
study of this correspondence. We sharpen the existence property in the case of 
higher order functionals and therefore establish a kind of Church’s rule for these 
functionals. In a subsequent paper, we will derive the corresponding results on the 
representability of computable higher order functionals by certain closed terms of 
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Girard’s higher order lambda calculus, and on a semantics thereof (see [lo] for a 
preliminary report). 
We work in a syntax-free categorical setting for higher order constructive logic. 
This provides a further ramification of the correspondence under investigation, 
since it shows the equivalence of a purely conceptual definition (of a class of mor- 
phisms in the free topos) to an inductive definition ‘by codes’ (of computable higher 
order functionals in a constructive context). In this sense, we sharpen Freyd’s result 
on the projectivity of the terminal object in the free topos. The reader is referred 
to [9]. 
We have tried to make this paper self-contained by explicitly giving all necessary 
definitions and the statements of lemmas taken from the literature. 
1. Recursion-theoretic tools 
Let @(O)=N and let @(n+l)=N ‘@) = the set of number-valued functions on 
Q(n). We say that @(n + I) consists of the functionaEs of order n + 1 (alternatively, 
type n + 1). The numbers may be considered as the functionals of order 0. The order 
will often be indicated by a superscript. 
In the definition below, the arguments of certain partial functionals are indicated 
by finite lists of mutually distinct variables of specified orders, Aa”+ ~(@,a) 
denotes a A-definable functional (that depends on a) whose value at a functional (Y” 
is given by an expression u(a”,a). 
Definition 1.1. Let n 2 0. The class of Kleene com~uiffb~e~artiai fMn~tiona1~ (alter- 
natively: partial recursive functionals) of several variables of order 1y1 is the least 
class Yt,, 1 of partial number-valued functions of several variables of order in 
such that 
(I) r;r,+ 1 contains numerical constants, successor, projections, and evaluation 
on numbers; 
(2) rtn+i is closed under composition, permutation of variables, recursion on 
numbers, and evaluation on order j+ 1 functionals Lajm c$(@‘~, cuj, b), where 
IbEXPI+, andj+2(n; (cf. [S]) 
(3) xl?+ 1 is closed under enumeration, that is, given a finite list of variables a of 
order cn, there is a partial functional y in X,z+, of variables m,a such that 
w(O,a), VU,@), r/42,4, *f* is an enumeration (possibly with repetitions) of the partial 
functionals of a that belong to X,, + , . 
Let~=lL, Xn. Observe that Xfl+ 1 is the class of partial functionals in .YC of 
variables of order 5 n. 3, is the class of Turing computable partial numerical func- 
tions. Furthermore, observe that the class Xi+ 1 $A$ + 1 obtained by omitting con- 
dition (3) in Definition I. 1 contains only functionals with domain @(0)kO x ... x 
@J(n)““, kizO (that is, total functionals). Such include, up to A-definability, a sur- 
Kleene compurable functionals 315 
jection Q(i) + Q(j) and its section Q(j) + Q(i), for each i>jr 0, and bijective cor- 
respondences @(j)z Q(j) x Q(j) and @(j)z CkkO @(j)k, for each jr0. Not all 
total functionals in X,,, 1 belong to Xi+ 1. 
Referring to condition (3) in Definition 1.1, let k(a) be w(m, a) if y(m, a) is defined 
and k is the numerical code of the list (m, the arity of a), else undefined. We will 
refer to k as a code of la. y(m, a). The classes YZn, n 2 1, may in fact be given 
‘by coordinates’, that is, in terms of an inductive definition of the relation ‘k(u) is 
defined and k(u) =j’, as in [8]. The reader is referred to Fenstad [3] for a more com- 
prehensive discussion of a general setting for higher order recursion theory. 
Remark. Nowadays it is common to state the inductive definitions discussed above 
in terms of fixed points of monotone operators on complete lattices. As pointed out 
by D. Scott and others, there is no need to refer to ordinals in such a framework. 
The Knaster-Tarski Fixed Point Lemma is constructive. In particular, n {p 1 Fp <p} 
is the least fixed point of F. 
We shall also need several basic facts from [8]. We shall borrow Kleene’s notation 
‘=’ for ‘one side is defined iff the other is and the two sides are equal when defined’. 
Proposition 1.2. For each rnz 1 there is a Kleene computable functional 
Sm:NM+l -+ N such that whenever z is a code of a Kleene computable partial func- 
tional @(k, b), then S”(z,n) is a code of @(n, b) as a functional of b. 0 
Proposition 1.3. Let j I 1. If @(a, oj, b) and 8(u, b, ,jP ‘) are Kleene computable par- 
tial functionals, then there is a Kleene computable partial functional I+Y(U, b) such 
that 
I&, b) = @(a, Arj- ’ . 0(a, b, ~j- ‘), b) 
for all a, b for which Arj-‘. &a, b, ,j-‘) is total on @(j- 1) and ~#~(u,Atj-‘. 
&a, b, rjP ‘), b) is defined. 0 
2. Topos-theoretic tools 
We recall for non-specialists that a topos is a category with pullbacks and a ter- 
minal object 1, and such that for any object A there exists a power-object PA and 
a monomorphism 3A GPA x A (universal relation with codomain A) with the pro- 
perty that any monomorphism CG B x A may be uniquely represented as a pullback 
of 3A along a morphism B+ PA. Note that, for each A, PA and sA are determined 
uniquely up to isomorphism. 
We recall furthermore that a natural number object (n.n.0.) N in a topos is given 
by an initial diagram 1 5 N-% N, that is, such that for any diagram 1 +A -+A 
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there exists a unique morphism N+A that satisfies the obvious commutativity con- 
dition. Again, N is determined uniquely up to isomorphism. 
A topos with a n.n.o. may be considered as a syntax-free description of an axio- 
matic theory in constructive higher order logic that contains the Peano axioms, in- 
cluding induction. Logic of topoi is studied e.g. in [2,9]. 
Let Bbe a topos with a n.n.o. 8 will be the ambient topos for the considerations 
in this section. In order to facilitate the exposition, we will refer to the objects and 
morphisms of 8 as sets and functions, but we will use only the logic of topoi (that 
is, higher order constructive logic) in dealing with them. A careful inspection of the 
relevant parts of [S] reveals that the contents of our Section 1 satisfy this require- 
ment of constructivity. 
Fix j>O. Let dj= N x Q(j), as given internally in 9. Let Aj be the category 
whose objects are sets, and whose morphisms from X to Y are named by the dj- 
indexed families of relations from X to Y. Let P and R name the same morphism 
from X to Y iff there are 0, w E Q(j) and Kleene computable partial functions 
f(-,@) and g(-, w) from d, to dj (that is, f and g are k-definable from appro- 
priate Kleene computable partial functionals) such that for each a E dj and each 
XEX, _)JE Y, 
(i) If xP,y, then f(a, @) is defined and xRfCa,@)y; and 
(ii) If xR,y, then g(a, I+V) is defined and xP,(,,~~. 
The conditions (i) and (ii) will be abbreviated by PcR and RC P, respectively. 
Referring to morphisms R : X-t Y and S : Y-t Z by their names, let R o : Y-+X and 
RS : X+ Z be given by 
and 
y(R”),x iff xR,y, 
x(RS)(,,~,Z iff for some YE Y, xRdy and y&z, 
where (d, d’) is given by the Kleene computable bijection Q(j) = Q(j) x Q(j) men- 
tioned in Section 1. 
A morphism R : X-t X is symmetric iff R o = R. Let Split(Aj) be the category ob- 
tained by splitting all symmetric idempotents of Aj: the objects of Split(Aj) are the 
pairs (X,1), where I: X+X is a symmetric idempotent of Aj, and the morphisms 
R : (X, Z) + ( Y, J) are those morphisms R :X+ Y for which IR = R = RJ, that is, 
IRJ=R. Finally, let Eff(j) be the subcategory of Split(Aj) with the same objects, 
but with only those morphisms R : (X, 1) + ( Y, J) of Split(Aj) that are maps, that 
is, IcRR” and R’RcJ in Aj. 
Given a set X, let dX be the object of Eff(j) obtained by considering the equality 
on X as a constant &j-indexed family of relations. Furthermore, given a function 
f: X+ Y, let Af: dX+d Y be the morphism of Eff(j) obtained by considering the 
graph off as a constant dj-indexed family of relations from X to Y. 
Lemma 2.1. Eff(j) is a topos and A : y+Eff(j) is a full and faithful functor that 
preserves pullbacks and the terminal object. 
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Proof. Because of the coding of computable functionals described in Section 1, the 
partial endofunctions on dj referred to in the definition of equality of morphisms 
in Aj may be encoded by elements of ~j. If ceJj is a code of f(-, 8), let us write 
ca for f(a, 0). We shall associate to the left when writing multiple applications of 
this partial binary operation on J9j. Lemma 2.1 follows by the general considera- 
tions in [7] from 
Proposition 2.2. There are E, K, S E JQj such that for all a, b, c E dj: 
Ea=a, Kab = a, Sabc- (ac)(bc). 
Proof. E is immediate. K is obtained by a straightforward but tedious calculation 
using Proposition 1.2, the closure of each Xn+,, n~j, under evaluation, and 
several applications of Proposition 1.3. For S, use a tedious threefold application 
of Propositions 1.2 and 1.3. 0 
Remark. In the casej = 0, Eff(0) is equivalent to the effective topos studied in detail 
in [6]. Our description of Eff(j) for all j2 0 draws from the recent description of 
Eff(0) given by P. Freyd and A. Carboni. 
We record explicitly some of the features of Eff(j) relevant to our further discus- 
sion. Proposition 1.3 may be readily used to show that for j2 1, analogously to the 
case j= 0, we have 
Proposition 2.3. Let E0 be the symmetric idempotent in Aj on the set of natural 
numbers, such that mE$z iff m = n and a = (m, ,I& ’ ’ m>. Then M= (N, EO> is the 
natural number object in Eff(j). 0 
We also note 
Proposition 2.4. A morphism R : (X, Z) + ( Y, J) in Ef f(j) is manic iff RR ’ c Z in 
Aj. It is epic iff JCR”R in Aj. 0 
We shall be mainly interested in the comma category Eff(j)ln obtained by glue- 
ing toposes 9’ and Eff(j) along functor d. The objects are triples (A, R, U), where 
A is an object of Eff(j), U is a set, and R : A-+d U is a morphism of Eff(j). The 
morphisms (A, R, U) + (B, S, V) are pairs (P, f), where P : A + B is a morphism of 
Eff(j) and f: U+ I/ is a function such that the following diagram commutes: 
P 
A-B 
R 1 I s 
AU-AV 
Af 
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Lemma 2.5. (a) Eff(j)ld is a topos with a natural number object. 
(b) The slice category of Eff(j)ld over (O,O, 1) is isomorphic to 9. 
Proof. (b) is obvious. Although (a) is just a special case of the glueing construction 
studied in [ 111, we prefer to give a more immediate description. In specifying certain 
objects (A, R, U) of Eff(j)ld we will specify only A, for the choice of R will be ob- 
vious once U is chosen according to (b). In particular, (b) requires that the functor 
from Eff(j)ld to 9 given by the assignment (A, R, U) - U must be logical (that 
is, it preserves the topos structure). 
Regarding the terminal object 1, let A = 1 in Eff(j). Regarding the natural number 
object @, let A = Jy (see Proposition 2.3). The power-object of an object (A’, R’, u’) 
is given as follows. Say A’= (X,1>. Let Y be the set of pairs (a, I’), where o is an 
&$-indexed family of subsets of X, and V is a subset of u’. Let A = ( Y,M) be the 
object of Eff(j) for which 
for each C, d E JQj, each X,X’E X, 
and each u E U’: 
if x E oc and xI~x’, then x’ E o,(,, d); 
if XE oc, then xIbCx; and 
if XE oc and xR;u, then u E V; 
and 
(0, V)MCo,b,d,.)(eT W> iff 
and for each CEdj, XEX: 
if XECT~, then x~Q~,; and 
if XEQ~, then x~cr,,, 
where the condition that each expression on the right be defined is considered as part 
of the requirement. 0 
We wish to determine, in Eff(j)ld, the object of functionals of order j+ 1. Let 
g(O) =llJ, the natural number object of Eff(j)ld, and let @k-t 1) = Npck) in 
Eff(j)ln. 
Proposition 2.6. For each m 5 j+ 1, g(m) is the object (@(m),E”)-+dnb(m), 
where 
cyE,k+‘P iff 
a=pandforeach b~~jandeach ye@(k): 
if yEky , then ab=(a(y) 16. a(r)). , 
Proof. Induction. q 
We say that an object C in a topos is well-supported if C+ 1 is epic. 
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Corollary 2.7. Let (A, R, U) be a well-supported subobject of @(j+ 1). Then there 
exist a number m and an order j functional pj such that the order j + 1 functional 
Ayj. m(yj,/Sj) is a member of U. 
Proof. Propositions 2.4 and 2.6, and Lemma 2.5(b). q 
Remark. In the case j= 0, the internal logic of Eff(O)lA corresponds to the restric- 
tion to higher order arithmetic of ‘q-realizability’ considered in [l] in the context 
of intuitionistic ZF set theory. We will discuss extensions of the cases j2 1 to set 
theory on a future occasion. 
3. The main result 
Theorem 3.1. Let 9 be the free topos with the natural number object e. Let C be 
the full Cartesian closed subcategory of @ generated by y. Then every well- 
supported subobject of an object of C has a global section which is given by a 
Kteene computable functional total in the internal logic of 9. In particular, the mor- 
phisms of C are given by the Kleene computable functionals total in the internal 
logic of S. 
Remark. Let Cp(0) =y, p(k+ 1) =NgP(@ in $. The theorem is known for well- 
supported subobjects of e(j) forj=O, 1. Ifj=O, the theorem says that every well- 
supported UC* E has a global section 1 -+ U (given by a numerical term). If j = 1, the 
theorem says that every well-supported UG~J~ has a global section 1 + U which is 
given by a recursive function total in 9. By applying the case j= 0, this recursive 
function must have a global section of m as a code (in the sense of Section 1). The 
reader may consult [9] regarding these issues. The equivalent properties of formal 
languages and theories are discussed e.g. in [l]. We note, however, that our argu- 
ment given below covers the cases j= 0,l as well. 
Proof of Theorem 3.1. Let jr 0, and let UC, Ip(j+ 1). Consider the topos Eff(j)ld 
of Section 2, with 8= @ as the base topos. Let F: @-+(Eff(j)ld) be the free logical 
functor. By Lemma 2.5(b), the composite s -% (Eff(j)l~)~~is logical, hence it is 
the identity. Now suppose that U-t 1 is epic in ,!. Then F(U)-+ 1 is epic in Eff(j)ld. 
By Corollary 2.7, there exists a well-supported subobject VG N x g(j) in @ whose 
global sections 1 + V are the JBj-codes of section 1 -+ U. Thus it is enough to show 
that V-+ 1 splits. Because B%g(j) and because of Proposition 1.3, it suffices to 
prove the theorem for an epic W-t 1 where WC, ip(j) in 9. 
If j > 0, this argument is a step in an induction in j. If j = 0, we may either simply 
quote the known result mentioned above, or analyze the internal logic of Eff(0) 
(over the base Y=g) to see that the second part of Proposition 2.4 in fact holds 
for those inclusions JCR”R witnessed by pairs of global sections of u (a code 
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and a parameter of a required computable function). Thus in Corollary 2.7, both 
m and /3’ are given by global sections. 0 
Corollary 3.2. Fix an integer jz0. Let a sentence ZLXE @j+ 1). A(x) be provable 
in constructive higher order arithmetic (HAH). Then there exists a numerical term 
t without parameters uch that the Kleene computable functional la’- t(aj) with 
coordinate t is provable total in HAH and A(&$. t(aj)) is provable in HAH. 0 
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